I. INTRODUCTION
The internal energy E and pressure p are two fundamental physical quantities. For the ideal monatomic gas, the relationship between these two quantities can be easily derived as p/nE ¼ 2/3, 2 where n is the number density of atoms. This relationship is only valid when gas atoms have no potential energy or interactions. However, for most physical systems, atoms have some, or even substantial, potential energy. In plasma physics, when the potential energy between nearest atoms (or equivalent "atoms") is larger than the averaged kinetic energy per "atom," it is called the strongly coupled plasma. 3 The relationship between E and p will be definitely modified due to the strong coupling effects. However, in our literature search, we have not found a complete investigation of the strong coupling effect on this relationship. To study this topic, we will exploit a model system of the dusty plasma, since it is a typical example of strongly coupled systems, and its physical quantities (like E and p) can be easily quantified.
A dusty plasma is partially ionized gas containing microsized dust particles of solid matter. [4] [5] [6] [7] [8] [9] These dust particles are highly charged in plasmas, typically À10 3 e $ À10 5 e. In laboratory conditions, the sheath above the lower electrode has electric fields that can levitate and confine these highly charged particles. As the result, these dust particles are suspended above the lower electrode, and they can self-organize into a single layer, i.e., forming a 2D suspension, with a negligible out-of-plane motion. 10 Due to the shielding effects of free electrons and ions in plasmas, within the single layer, the interaction between dust particles can be accurately modeled as the Yukawa potential. 11, 12 The Yukawa potential, also called the Debye-H€ uckel potential, has the form of /ðrÞ ¼ Q 2 expðÀr=k D Þ=4p 0 r, where Q is the particle charge and k D is the Debye screening length. These dust particles are strongly coupled due to their low charge-to-mass ratio, so that the collection of dust particles exhibits behaviors of liquids 13, 14 and solids. 8, 15 Now, behaviors of 2D dusty plasmas are often studied using molecular dynamics (MD) simulations of 2D Yukawa liquids and solids. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] However, in a recent experimental study of strongly coupled dusty plasmas, 1 Oxtoby et al. claimed that the ideal gas behavior has been observed. In the beginning of the data analysis of Ref. 1, they assumed that the relationship between the internal energy and pressure of 2D dusty plasmas should be approximately the same as the ideal gas. Based on this assumption, Oxtoby et al. determined the pressure of 2D dusty plasmas from that experiment.
1 In principle, the atoms in the ideal gas have no coupling at all, however, dust particles in dusty plasmas are strongly coupled. Thus, it is needed to investigate the strong coupling effect on this relationship, which is lacking currently from our literature search, as we study in this paper. Our results would quantitatively indicate how much this relationship deviates from the behaviors of the ideal gas due to the strong coupling effects.
Both the internal energy and pressure of 2D Yukawa liquids can be easily obtained from MD simulations, although it is difficult for dusty plasma experiments.
1 The internal energy comes from two sources: the kinetic energy and the potential energy. The kinetic energy can be calculated as the velocity squared for all particles, while the potential energy can be obtained from the sum of Yukawa potential for all particle pairs. The pressure of 2D Yukawa liquids can be calculated using several methods. For example, Totsuji et al. 26 obtained the pressure from their computed internal energy U using a complicated equation; Hartmann et al. 20 calculated the pressure from the pair correlation function; Vaulina et al. 27, 28 got an expression of pressure using a semiempirical jumps theory. In a recent paper, 29 the pressure has been calculated as exact values from the averaged value of the diagonal elements of the stress tensor P xx and P yy from a) Electronic mail: fengyan@suda.edu.cn MD simulations. Here, we will follow the method in Ref. 29 to calculate the pressure, as described later in Sec. III B. Note that, for 2D systems, the pressure is the internal force per unit length, 29 and here the pressure (or the internal force) is due to the interaction and collision of dust particles, different from the plasma gas pressure.
II. SIMULATION METHODS
Typically, Yukawa systems can be characterized by two dimensionless quantities: the coupling parameter C and the screening parameter j. They are defined as
respectively. Here, a ¼ ðpnÞ
2 is the Wigner-Seitz radius for an areal number density n for particles. The coupling parameter C can be regarded as the inverse temperature, and the screening parameter j indicates the length scale of the space (or the area for 2D systems) that one particle occupies, when the Debye screening length k D is assumed to be constant.
To model the 2D dusty plasmas, we perform equilibrium MD simulations, in which the binary interparticle interaction is the Yukawa potential. For all simulated 1024 particles, the equation of motion is m€ r i ¼ ÀrR j / ij , which does not include any frictional cooling term or Langevin heating term. All simulated particles are constrained within a single 2D plane with the periodic boundary conditions, and the height-to-length ratio of this 2D plan is 0.866. The size of the simulation box is chosen to be 61.1 a Â 52.9 a, so that the areal number density would be n ¼ 1024=ð61:1a Â 52:9aÞ % 1=ðpa 2 Þ, which is consistent with the definition of the Wigner-Seitz radius. We truncate the Yukawa potential at distances beyond a cutoff radius of 24.8 a, as justified in Ref. 19 . Besides the simulations reported here, we have also performed a few test runs with different numbers of particles from 4096 to 16384, and we have verified that our results are independent of the simulated particle number.
We specify the parameters of j and C as the inputs of our simulations. We choose eleven values of j from 0.5 to 3.0, which cover most typical 2D dusty plasma experimental conditions. For each j value, the 2D Yukawa lattice has one specific melting point, 20 which can be expressed as C melt . Then, we set eight different temperatures over a wide range: from the coldest temperature at % 1% higher than this melting point, to the hottest at % 70 times higher than this melting point. The integration time step is chosen from the range between 0:0037x À1 pd to 0:037x À1 pd depending on the C value, where x pd ¼ ðQ 2 =2p 0 ma 3 Þ 1=2 is the nominal 2D dusty plasma frequency. 18 As justified in Ref. 19 , the time steps we choose are small enough for the simulation conditions. Note that we have also performed a few test runs with different initial configurations of particles, and our results are not affected.
In our simulations, in the initial 10 5 steps, the 2D Yukawa system reaches the desired target temperature by using a Nos e-Hoover thermostat. After these 10 5 steps, the thermostat is turned off and the next 10 6 steps are integrated under steady conditions, without thermostat. We have verified that, for all simulation runs, the temperature does not change beyond the regular fluctuation level, due to the suitable choice of the time step. All data reported here are from the latter 10 6 steps without the thermostat. That is to say, we use the NVE ensemble in MD simulations for our data analysis, as in Ref. 24 .
Note that we calculate the mean square velocity fluctuation as the kinetic temperature T, which is used to compute C plotted here, not the specified C value. These calculated C may be slightly (%3%) different from the specified C, due to the temperature fluctuations from the finite system size.
III. RESULTS
To investigate the strong coupling effects on the relationship between internal energy and pressure, we would first calculate the internal energy and pressure from our simulation data, respectively.
A. Internal energy
The internal energy of Yukawa liquids is composed of two parts: the kinetic energy and the potential energy.
We calculate the kinetic energy using the velocity squared for all particles. To analyze data easily, we use the averaged kinetic energy per particle, the kinetic energy of the total system divided by the total particle number, as
A portion of the time series of KE is shown in Fig. 1(a) for the simulation condition of j ¼ 0.5, C ¼ 9.6. From this plot, KE fluctuates around a constant level of 0:052ma 2 x 2 pd . The second term of the internal energy, the potential energy, is calculated from the summation of Yukawa potential for all particle pairs. As for KE, we also divide the total potential energy by the particle number to obtain the averaged potential energy per particle PE using
Figure 1(b) shows one portion of the time series of PE, which fluctuates around about 0:594ma 2 x 2 pd . The averaged internal energy per particle E can be easily obtained using E ¼ KE þ PE. The time series of E are plotted in Fig. 1(c) , which almost keeps at a constant level of 0:646ma 2 x 2 pd . This is due to the NVE ensemble in our simulations, since we turn off the thermostat during the data recording procedure for the data analysis.
For all simulation conditions, the calculated internal energy results are shown in Fig. 2 . For one specific j value, as the coupling parameter C increases, the internal energy decreases monotonically. This trend is not surprising, since a higher C means the temperature is lower, and colder liquids certainly have less internal energy than hotter liquids, while other conditions are the same.
Another feature in Fig. 2 is that, as the screening parameter j increases, the internal energy decreases monotonically.
This trend can be explained by the potential part of the internal energy, since the kinetic part of the internal energy in our simulations is only related to the C value. When the screening parameter j increases, the potential energy between particles would drop dramatically due to more shielding effects.
B. Pressure
We obtain the pressure of 2D Yukawa liquids from the stress tensor as in Ref. 29 . The diagonal elements of the stress tensor, P xx and P yy , can be calculated using the particle positions, velocities, and potentials from the MD simulation data. The equations for P xx and P yy are
and
In equilibrium simulations, the stress is isotropic, so that both P xx ðtÞ and P yy ðtÞ fluctuate around the same constant level of pV, 29 where p is the pressure and V is the total volume of the simulation system. For our 2D simulations, the volume V is replaced by A, i.e., the total area of the 2D simulation system. 30 Figure 3 shows the time series of P xx and P yy of our simulated system with the simulation condition of j ¼ 0.5 and C ¼ 9.6. From Fig. 3 , both P xx and P yy fluctuate around 820ma 2 x 2 pd . By averaging the time series of both P xx and
FIG. 1. Time series of the kinetic energy KE (a), potential energy PE (b)
, and the total internal energy E (c) per particle of 2D Yukawa liquids for the simulation condition of j ¼ 0.5 and C ¼ 9.6. Here, the total internal energy E is calculated by the summation of KE and PE, i.e., E ¼ KE þ PE. The fluctuations of KE and PE are comparable, but much higher than the fluctuation of E, because we use the NVE ensemble in our MD simulations.
FIG. 2.
The averaged internal energy per particle E for 2D Yukawa liquids, as functions of the screening parameter j and the coupling parameter C. As the screening parameter j increases, the internal energy E decreases monotonically. As the coupling parameter C increases, the internal energy E also decreases monotonically.
FIG. 3.
Time series of the diagonal elements of the stress tensor, P xx in (a) and P yy in (b), for the simulation condition of j ¼ 0.5 and C ¼ 9.6. For our 2D Yukawa liquid simulation, both P xx and P yy fluctuate around a constant level of pA, where p is the pressure, A is the total simulation area.
P yy , we get the data of pA from our simulation data. Our total simulation size is N/n, where N is 1024, the total number of simulated particles, and n ¼ 1=ðpa 2 Þ is the number density of particles of our simulation system, as mentioned above.
For all simulation conditions, the obtained pressure data are shown in Fig. 4 . These results well agree with the previous published pressure data in Ref. 29 . In Ref. 29 , it has been discovered that, for 2D Yukawa liquids, the pressure can be expressed as the summation of two parts: the kinetic part and the potential part. In Fig. 4 , the trend of the pressure, as the function of j and C, is similar to the internal energy in Fig. 2 . As the screening parameter j increases, the pressure drops drastically. In Ref. 29 , this decline trend has been explained as the decrease of the potential part in the pressure. For one specific j value, as the coupling parameter C increases, the pressure decreases monotonically, and this trend has been explained as the decrease of the kinetic part in the pressure. 29 
C. Internal energy vs. pressure
For the ideal gas, the relationship between the internal energy and pressure can be written as
Here, p is the pressure, E is the averaged internal energy per particle, 1 n is the number density of gas atoms, and c is the adiabatic index. Equation (3) is strictly derived for systems with non-interacting "atoms." However, it has still been used to systems involving non-negligible particle interaction, which is believed to have a sufficient accuracy, including 2D strongly coupled dusty plasmas.
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The values of p/nE of 2D Yukawa liquids for various j and C values, are presented in Fig. 5 . The ratio of p to nE varies from % 1.1 to % 2.9, which is much larger than this ratio for the ideal monatomic gas, i.e., c -1 ¼ 0.67 from Eq.
(3). In the past, Eq. (3) was assumed to be approximately accurate to describe the behaviors of systems involving nonnegligible particle interaction, including 2D strongly coupled dusty plasmas.
1 However, our current simulation results do not support that assumption. Note that, the smallest p/nE value is around 1.1, which comes from the lower left corner in Fig. 5 , corresponding to higher temperature (lower C) and less shielding effects (lower j). At lower temperatures and larger screening parameters, i.e., higher C and higher j, the ratio p/nE is bigger, indicating the relationship between the internal energy and pressure deviates from the ideal gas behavior much more.
For each j value, in general, the ratio p/nE in Fig. 5 increases with the coupling parameter C. This rising trend comes from the competing of the different decline rates of these two variables, the pressure p and the internal energy E, as the coupling parameter C increases. Comparing Figs. 2 with 4, we can see that the decline rate of the internal energy E is a little bit larger than the pressure p's decline rate, especially for higher C values. Due to this reason, the value of p/nE rises up as the coupling parameter C increases, for each specific j value.
D. Relationship fitting
To achieve an analytical relationship between p and E for 2D strongly coupled dusty plasmas so that researchers can follow up on data analysis in the future, we fit our results in Fig. 5 . For various j values, the melting points of 2D Yukawa systems, expressed as C melt , are different. 20 We can express the system temperature as the relative temperature, i.e., relative to the corresponding melting point at this specific j value, T rel ¼ C melt /C, so that the value of T rel refers to the temperature in the unit of the melting point. The data in FIG. 4 . The pressure p of 2D Yukawa liquids, as functions of the screening parameter j and the coupling parameter C. The trend of p is similar to E in Fig. 2 . As both the screening parameter j and the coupling parameter C increase, the pressure p always decreases monotonically. For the ideal monatomic gas, from Eq. (3), p/nE should be equal to c -1 ¼ 0.67, as the dashed line shown. For our 2D Yukawa liquid simulations, the ratio of p/nE varies from % 1.1 to % 2.9, well beyond 0.67, the value for the ideal monatomic gas. This result indicates that, for 2D Yukawa liquids, it is not suitable to assume p ¼ (c -1)nE. The trend in Fig. 6 is that, as the relative temperature T rel increases, the ratio p/nE decreases monotonically, for all j values. This result comes from the different increase rate of p and E as the temperature increases. From Figs. 2 and 4 , it is clear that, as the temperature increases, the internal energy E increases more than the pressure p.
We find that the ratio p/nE in Fig. 6 can be fit to the expression of p=nE ¼ mð1 þ T rel Þ Àd , as the curves shown in Fig. 6 . Using only two fitting parameters, m and d, we obtain an analytical expression of the p/nE as the function of a single variable of T rel for 2D dusty plasmas. Here, m refers to the main magnitude of the ratio, while d refers to the exponent. For various j, the fitting parameters of m and d are presented in Fig. 7 . Both m and d increase gradually as j increases, while m increases much more rapidly. We find that they both can be fit well using a simple linear function. As shown in Fig. 7 , our fit of m is m ¼ 0.92 þ 0.84j, while the fit of d is d ¼ 0.007 þ 0.076j. Combined the fits of these two fitting parameters, we obtain the ratio p/nE of 2D Yukawa liquid, or 2D strongly coupled liquid dusty plasmas, would follow the expression of p=nE ¼ ð0:92 þ 0:84jÞð1 þ T rel Þ Àð0:007þ0:076jÞ :
The analytical expression of the ratio p/nE for 2D Yukawa liquids, Eq. (4), provides more accurate values in the wide range of the studied regimes, where j changes from 0.5 to 3.0 while the temperature changes from 1 to 70 times of the melting points. Our results show that the previously assumed Eq. (3) is not accurate for 2D strongly coupled dusty plasma.
1 It seems that a further investigation is needed to assess the data analysis in that experiment.
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IV. SUMMARY
In summary, we have studied the relationship between internal energy E and pressure p for 2D Yukawa liquids using equilibrium MD simulations. The relationship of p ¼ ðc À 1ÞnE, derived from the ideal gas law, was previously assumed to be accurate for 2D dusty plasma systems in Ref.
1. However, from our current simulation results, the value of p/nE is much higher than the previously assumed c -1 for the ideal monatomic gas. For each specific j value, it has been found that the ratio p/nE increases with the coupling parameter C. We attribute this increase in trend to the different decline rates of p and E as functions of the coupling parameter C and the screening parameter j. We finally obtain an analytical expression of the ratio p/nE based on the data fitting from our simulation results, which is p=nE ¼ ð0:92 þ 0:84jÞð1 þ T rel Þ Àð0:007þ0:076jÞ , where T rel ¼ C melt /C is the temperature in the unit of the melting point at the corresponding j value. These results are applicable to quantitatively investigate the behaviors of 2D strongly coupled dusty plasma experiments in the future. 
